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The spatiotemporal evolution of fluorescence in an optically diffusive medium following ultrashort laser pulse
excitation is evaluated using complex analytical methods. When expressed as a Fourier integral, the integrand of the
time-resolved diffuse fluorescence with embedded fluorophores is shown to exhibit branch points and simple pole
singularities in the lower-half complex-frequency plane. Applying Cauchy’s integral theorem to solve the Fourier
integral, we calculate the time-resolved signal for fluorescence lifetimes that are both shorter and longer compared
to the intrinsic absorption timescale of the medium. These expressions are derived for sources and detectors that
are in the form oflocalized points and wide-field harmonic spatial patterns. The accuracy of the expressions derived
from complex analysis is validated against the numerically computed, full time-resolved fluorescence signal. The
complex analysis shows that the branch points and simple poles contribute to two physically distinct terms in the
net fluorescence signal. While the branch points result in a diffusive term that exhibits spatial broadening (corre-
sponding to a narrowing with time in the spatial Fourier domain), the simple poles lead to fluorescence decay terms
with spatial/spatial-frequency distributions that are independent of time. This distinct spatiotemporal behavior
between the diffuse and fluorescence signals forms the basis for direct measurement of lifetimes shorter than the
intrinsic optical diffusion timescales in a turbid medium.  © 2020 Optical Society of America

https://doi.org/10.1364/JOSAA.388762

1. INTRODUCTION

It is well known that the spatial distribution of a short laser
pulse (~ femtoseconds to picoseconds) of near-infrared light
traversing a turbid medium exhibits a time-dependent spatial
variance [1,2]. This process can be understood using the dif-
fusion or transport equations for light propagation in turbid
media [3]. In the spatial-frequency domain (SFD), which is the
Fourier transform of coordinate space, this spatial broadening
corresponds to a narrowing of the distribution of the diffuse
fluorescence signal in time. As a consequence, it has been rec-

resolved fluorescence signal for arbitrary lifetimes and for both
point sources and harmonic spatial illumination and detection.
The accuracy of these results is validated against the numerically
computed exact time-resolved fluorescence signal in a diffuse
medium. The results show a clear delineation of time-resolved
fluorescence into a diffuse and fluorescent component with
distinct spatiotemporal behavior. In the SFD, the temporal
decay rate of the diffuse term increases with spatial frequency,
analogous to the temporal propagation of intrinsic diffuse light.
However, the decay of the fluorescence term is independent of
spatial frequency or optical properties but reflects the charac-
teristic lifetime of the fluorophore in the tissue environment.
The fluorescence signal therefore remains significant at high
spatial frequencies and long times, where the diffuse term is

ognized that high spatial frequencies attenuate more rapidly
than lower spatial frequencies [4]. This observation is a time-
domain (TD) generalization of the well-known fact [5] that

the diffuse medium acts as a spatial low-pass filter by rejecting
high-frequency components.

The use of SFD excitation and detection has been explored
for biomedical applications, using both steady state and pulsed
laser excitation [5—10]. We have previously shown experimen-
tally that high spatial frequencies allow direct measurement of
intrinsic fluorescence lifetimes from thick turbid tissue [11].
Here, we present a theoretical study of the spatiotemporal
behavior of pulsed laser excitation in a medium embedded with
fluorescent dyes, using methods of complex integration. Using
contour integration, we derive an expression for the entire time
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rapidly eliminated, thereby enabling direct measurement (with-
out tomographic inversion) of intrinsic fluorescence lifetimes
within a turbid medium that are comparable to or even shorter
than the intrinsic diffusion timescales.

2. THEORY

In general, diffuse fluorescence could arise from an arbitrary
distribution of fluorophore(s) within a turbid medium. We con-
sider a uniform turbid medium, characterized by homogeneous
optical absorption, u”, and reduced scattering coefficient,
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w", at wavelengths A, and A,,. Suppose that the medium
consists of /V fluorophores with distinct lifetimes, described
by yield distributions n;(r) = €;7;(r) Q; [where 7;(r) is the
concentration distribution, € ;is the extinction coefficient, and
Q; is the emission quantum yield] and corresponding fluores-
cence lifetimes 7; =1/I";, j =1: V. Assuming that a single
absorption/emission event adequately describes the generation
of fluorescence (a condition well satisfied given the wide separa-
tion of typical fluorophore absorption and emission spectra), the
detected fluorescence intensity at a location r; (such as a fiber
tip or camera pixel) on the medium boundary, at time #, due to
excitation by a point source at r; at time £ =0 can be written
as a Fourier integral (omitting experimental scaling factors for
simplicity):

1 o .
Urp(r,, ry, t) = — / da)ef"”’/ &
2 —00 Q

x Wit 1,0) | Y

n

in,(r)
wrim, | W

where
W, rq0, 1, ) =G (x;, 1, 0)G" (x4, 1, ) (2

is the frequency domain (FD) weight function, also called the
sensitivity function, with G*” representing the Green’s func-
tions of the FD diffusion equations for wavelengths A, and A,,,.
To solve Eq. (1), we examine the behavior of the integrand of
Eq. (1) (which corresponds to the expression for FD diffuse
fluorescence [12]) in the complex-frequency plane [13]. It is
immediately clear that the quantity in square brackets in the
integrand of Eq. (1) [which is the Fourier transform of the expo-
nential decay, exp(—¢/7)] results in simple pole singularities in
the negative imaginary axis, located at @ = —iI",,. The sensitiv-
ity function W exhibits a non-trivial structure in the complex
plane due to the diffuse Green’s functions G*”. To see this, we
consider the case of an unbounded homogeneous medium. The
corresponding Green’s functions are

gg'm(l‘l, I, a)) = CXP(i/?x,m|f1 - r2|)/477Dx,m|1'1 - l‘2|,
3)

with

P e i Y @)
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where D*" =v/ SM;(X ' is the diffusion coefficient [14],
and v is the velocity of light in the medium. Note that the
homogeneous Green’s functions are dependent only on the
magnitude of the difference between the coordinates |r, —
and |r — ry| and not on their absolute values. It is evident from
Egs. (3) and (4) that the homogeneous Green’s function is bi-
valued owing to the square root in 4. This implies branch points
[13] in the complex plane structure, along the negative imagi-
nary axis at o = —ivu’” (Fig. 1). (It is interesting to compare
the complex plane structure in Fig. 1 to that for linear dispersive
electromagnetic pulse propagation in dielectric media [15].)
Armed with the full complex plane structure of the integrand
in Eq. (1), we can now use Cauchy’s integral theorem [13] to
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solve the integral. We first draw a branch cut along the nega-
tive imaginary axis from —min(vu}™) to —oo. We choose
a contour, shown in Fig. 1, that encircles the simple poles in
the lower-half plane while avoiding crossing the branch cut
along the negative imaginary axis. The contour consists of
three parts: the line integral along the real  axis, sections of a
semicircle in the lower-half plane, and two line integrals on the
negative imaginary axis on either side of the branch cut. Two
distinct scenarios arise, depending on the value of the decay
rate I',, relative to the timescale, T, = 1/vu?”, which is the
asymptotic decay constant of intrinsic time-resolved diffuse
lightand is related solely to the absorption coefficient [1]. When
T, > 1, 1le, [, < 1/7,, the simple pole at —7T",, is outside the
branch cut. The contour integral then results in a residue when
Cauchy’s theorem is applied to the entire closed contour, while
the integrals along the branch cut result in a non-zero contri-
bution from either side of the branch points. When 7, < 7,, or
I, > 1/7,, thesimple pole rests on the branch cut, and integrals
along the branch cuts now include semi-circles surrounding
the poles, resulting in a residue (at —7I",,) and a principal value
integral. The contributions to each portion of the contour are
evaluated using standard methods [13].

The final result is that the net fluorescence signal separates
into two parts, the first corresponding to spatiotemporally
spreading terms (arising from integration around the branch
points) and the other corresponding to pure fluorescence
decay terms (arising from the residues at the simple poles) with
exponential time dependence dictated by the fluorescence
lifetimes:

Up(t, 10, ) = ) [apu(ts, 14, ) + ap(r, 1)), ()

n

where ap, is the fluorescence decay amplitude of the 7’th life-
time and is given as the residue of the weight function W at
w=—:iI",:

Im w

Complex w-plane

Re w

Fig. 1. Complex plane structure for the frequency domain diffuse
fluorescence [integrand of Eq. (1) in the text] showing simple pole
singularities at —:I", (®) corresponding to fluorescence decays with
lifetimes 7, = 1/T,, and branch points at —ivu*™ (red filled circle)
arising from the diffusion Green’s functions. The zig-zag line shows
the branch cut extending along the negative imaginary axis from the
smallest value of v} (r) to —oo0.
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Re [W(r,, x4, xr, —iT )] if [T, > vu,]
(6)

and ap, is the diffusive term arising from the integrals around
the branch cuts:

ap = / &7, () { U
Q

_ 3 I(r;, rq,1,2),  if[, <vu,l
App = — A d 7'7771(1') {P [](l_'H £, T, l')] lf‘[l—wn > U//l/a] )
(7)

where 7 denotes the integrals along the branch cut:
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with P denoting the Cauchy principal value, and Re, Zm refer
to real and imaginary parts, respectively. The Cauchy principal
value integral is evaluated around the singularity at y =T,.
Although we have assumed an infinite homogeneous medium
in the derivation above, it is plausible to expect that the complex
plane structure in Fig. 1 is maintained for arbitrary bounded
and non-uniform media, where the lower imaginary axis will
now be populated with multiple branch points corresponding
to the values of u?”(r) throughout the medium [In the case
of a heterogeneous medium, the lowest absorption needs to be
used as the starting point of the branch cut in Fig. 1]. Thus, we
expect the key result, namely, the temporal separation of diffuse
and fluorescence contributions, to be of more general validity.
Indeed, the expression for 2, in Eq. (6) for the case of T',, < vpt,
is identical to that derived previously [16] using the radiative
transport for arbitrary heterogeneous media. Note thatboth 2,
and a5, depend on the FD sensitivity matrices W(x;, £z, £, )
evaluated at an imaginary frequency of w = —il', or —iy,
respectively. Using these values of w in the definition of 4, ,, in
Eq. (4), it is clear that an imaginary frequency reduces the FD
weight function into a steady state or continuous-wave (CW)
weight function but with an altered absorption coefficient.
Thus, ar depends on the CW weight functions evaluated at
a reduced absorption of u, —I',/v, VT, (which is negative
when '), > vu,, i.e., when the lifetimes are shorter than the
absorption timescale), while 2 depends on the CW Green’s
function evaluated at a negative absorption of w, — y,/v.
Thus, the entire TD fluorescence signal is expressed in terms of
the CW, i.e., steady state Green’s functions and their analytic
continuation to negative absorption.

We now write the above results in SFD, where the point
sources and detectors (r; and r,) are replaced by wide-field,
sinusoidal spatial patterns with frequencies (k;, k;). The mea-
sured fluorescence signal in SFD from Eq. (1) is a direct Fourier
transform with respect to the spatial coordinates r, and r;:

Ur(k, ky, 1) = / dr / Prge’ b U (g, v, 1),
()

We then get, analogous to Eq. (5),

Up(k;, kg, 1) =Y [apn(l;, ke, £) + ar(k ko), (10)

where 4p, and d, are the spatial Fourier transforms of 2, and
a4y, expressed as
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(11)

and

~ d3 i(ksakﬂ'v r, t), lf[rn <U,bL,z]
ap, = —/Q 717,(r) P [i(ky, k.. t)] 0, > v’

(12)

where 7 is obtained from Eq. (8) by replacing W(x,, 4, r, —iy)
with its spatial Fourier transform, ﬁV(k:, k;, r, —iy).

Equations (5)—(8) and the corresponding SFD expressions
Egs. (10)—(12) constitute the central results of this paper, and
express the time-resolved fluorescence propagation within a dif-
fuse medium entirely in terms of analytically continued steady
state Green’s functions evaluated at reduced or negative absorp-
tion. These expressions are valid for arbitrary fluorescence
lifetimes and fluorophore distributions. The key result is the
separation of the total fluorescence signal from a diffuse medium
into a diffusive component, which exhibits a time-dependent
spatial (or spatial frequency) distribution, and a purely fluores-
cent decay term, which exhibits a time dependence dictated by
the pure exponential decay of the intrinsic fluorescence and is
independent of spatial coordinate or spatial frequency. It should
be noted that by nature of the Fourier transform, the r-space
diffuse component, @p,, and the corresponding 4-space form,
4 pn, exhibit precisely opposite temporal behavior. We will show
below using simulations that while the 4 decays at a faster
rate with increasing spatial frequency, the decay rate of 5 is
independent of time. In other words, the diffusive term can be
suppressed compared to the fluorescence term at higher spatial
frequencies, thereby allowing the direct detection of short fluo-
rescence lifetimes from the decay of the time-resolved diffuse
fluorescence signal.

3. SIMULATIONS

We next present simulations to validate the time-resolved
fluorescence signal calculated using complex integration
and to illustrate the key implications of the final expressions,
Egs. (5) and (10). Consider an infinite slab diffusive medium of
thickness 2 ¢cm, with homogeneous absorption and scattering
(4, =0.1/cm and u, = 10/cm), and a source and detector
located in the z = 0 and z = 2 cm planes, respectively (we ignore
boundary conditions for the present discussion, as they do not
affect the main conclusions of the paper). A 1 mm® fluores-
cent inclusion is located in between the source and detector
at a distance of z=1cm from both. All computations were
performed in MATLAB (The Mathworks Inc.). The Cauchy
principal value integral was calculated using the function cpv.m
from MATLAB central. Figure 2 shows the TD fluorescence
signal calculated using the full expression in Eq. (1) (solid
line) compared with Eq. (5), calculated using complex inte-
gration (filled circles). The excellent agreement between the
analytical and exact time-resolved fluorescence signal [given
by Eq. (1)] is clear when the lifetime is either longer (z = 1 ns)
or shorter (t = 0.3 ns) than the intrinsic absorption timescale
(t, = (vu,) "' &~ 0.47 ns). While the complex analysis agrees



862 Vol. 37, No. 5/ May 2020 / Journal of the Optical Society of America A

10° : , ,
—Net fluorescence
— a. . +a
5 * %"
o, . 'laDl
>
= .6l 8 0N TRy, e |a
.‘7’ Fl
c
3
£
[
Q
=
]
O
w
9]
—
o ~
= S
o N
~
~
102 ’
108 \‘ T T T T T T
N, (b) —Net fluorescence
£
— 107} KXN R
S N - =la.|
5 X °
& 108}
‘@
3
€ 108
)
O
S 10%g
O
(%]
o
S 10°
=
[N
102 . . . MY . .
1 2 3 4 5 6
. 102
Time [s] i

Fig. 2.  Comparison of time-resolved fluorescence calculated
using the exact expressions [Eq. (1), solid blue] and using complex
integration [Eqs. (5)—(8), filled circles] from a 1 mm?® fluorescent
inclusion at the center of a 2 cm thick diffusive slab (1, = 0.1/cm and
w1, = 10/cm), for a single source and detector located at the z =0 and
z =2 cm planes. The lifetime of the inclusion is either (a) T = 1 ns or
(b) 0.3 ns, which are, respectively, longer and shorter compared to the
intrinsic absorption timescale of 1/(vt,) & 0.47 ns. The calculation
using complex analysis [Eq. (5) in the text, blue filled circles] and using
the full TD in the adjoint formulation [Eq. (1) solid blue] are shown.
The diffusive (dashed line, black) and fluorescent (dotted line, red)
contributions to the net time-resolved fluorescence signal, as calculated
by the complex analysis treatment, are also shown.

well with the exact time-resolved fluorescence signal, it also
delineates the signal into diffusive (black dashed line) and fluo-
rescent (red dotted line) components. The net time-resolved
fluorescence signal asymptotically approaches the fluorescent
decay term for T = 1 ns, and approaches the diffusive term when
7 = 0.3 ns, which is as expected, since the intrinsic fluorescent
decay dominates the long time behavior of the diffuse time-
resolved fluorescence for long lifetimes. Further, the asymptotic
decay time of the time-resolved fluorescence signal is dominated
by 1, when t < 7,, which therefore precludes a direct mea-
surement of the intrinsic fluorescence lifetime of a fluorophore
embedded in a diffuse medium. We will see below that the use of
higher spatial frequencies allows the direct detection of the true
intrinsic lifetime even when v < 7,,.
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Fig. 3. Comparison of time-resolved fluorescence for the same

geometry as in Fig. 2, but for spatial-frequency domain excitation and
detection (instead of point sources) in the planes z=0and z=2 cm.
The net TD fluorescence calculated using complex analysis (filled
circle) and the full TD expression (solid blue) are shown for source and
detector spatial frequencies of 4, =%, =0 and 4, =%, =0.5cm™".
The corresponding diffusive [2p, Eq. (12), black dashed line] and
fluorescent [, Eq. (11), dotted red line] contributions are shown as

fork, =k;=0and kb, =k;=0.5cm™".

We next compare the SFD expressions for the full TD signal
[Egs. (9) and (1)] and the results from complex integration
[Eq. (10)]. Figure 3 shows the time-resolved fluorescence signal
calculated using Eq. (10) (solid blue) compared with the FFT
of the exact expression calculated using Egs. (9) and (1) (filled
circles), for the same geometry as in Fig. 2 but with an inclusion
lifetime of T = 0.3 ns, which is shorter than the intrinsic absorp-
tion timescale (0.47 ns). Shown are the simulations for two
spatial frequencies, namely, # = 0 (i.e., uniform, wide-field exci-
tation) and #=0.5cm™!, where £ is the absolute magnitude
of the source and detector spatial frequencies, which were set to
be equal (|k| = |k,| = 4). Also shown are the corresponding
diffusive [@p,, black, Eq. (12)] and pure fluorescent decay [2f,,
red, Eq. (11)] amplitudes. The excellent agreement between the
full TD expression and the complex analytical calculation once
again confirms the validity of the derivation above. We note that
for the £#=0 case, the net fluorescence decay approaches the
diffusive component 4 p, which is expected since the lifetime is
shorter than the intrinsic absorption timescale. However, at the
higher spatial frequency of #=10.5 cm™!, the net fluorescence
approaches the pure fluorescence decay component, while the
decay rate of 2 (slope of the dashed black line in Fig. 3) is much
higher than that for £ = 0. Thus, the diffuse component is more
rapidly attenuated at high spatial frequencies, while the rate of
attenuation of the fluorescence decay (slope of the red dotted
line in Fig. 3) is independent of spatial frequency. The behavior
of the diffuse component is analogous to that of the decay of
intrinsic diffuse light, which has been shown to decay at a faster
rate at higher spatial frequencies [4]. To further illustrate the
difference between the diffuse and fluorescent contributions
in 4 space, we plot the spatial frequency dependence of 2 and
ar over a wider range of k values, for two time points along the
asymptotic decay portion of the TD fluorescence signal (Fig. 4).
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Fig. 4.  Spatial-frequency dependence of the diffusive (2 p, black
line) and fluorescent (2, red line) contributions to the time-resolved
diffuse fluorescence at two time points (0. 75 ns, solid line, and 2.5 ns,
dashed line) in the asymptotic (decay) portion of the signal.

The spatial frequencies were chosen to be equal for all com-
ponents and for the source and detector, i.e., |k, | = |k,| = £.
It is clear that the spatial frequency dependence of the dif-
fuse component is strongly dependent on time, whereas the
slope of the fluorescent decay amplitude does not depend on
time. At high spatial frequencies and long times, the diffusive
component is several orders of magnitude smaller than the
fluorescence amplitude, explaining the approach of the net fluo-
rescence towards the intrinsic fluorescence decay at high spatial
frequencies. Figures 3 and 4 together illustrate the important
advantage of the use of high spatial frequencies for eliminating
the intrinsic diffusive component of diffuse fluorescence signals,
which allows the detection of lifetimes shorter than the intrinsic
absorption timescale.

4. DISCUSSION AND CONCLUSION

We have presented a complete derivation of time-resolved fluo-
rescence propagation in a turbid medium obeying the diffusion
equation using complex analytical methods. The analysis shows
that the intrinsic absorption timescale, 7, = v(,) ", plays an
important role in the temporal evolution of diffuse fluorescence
signal: the signal takes two distinct forms depending on the
relative value of the fluorescence lifetimes, 7,,, with respect to 7,.
We derive expressions for both cases using complex integration,
which shows that time-resolved diffuse fluorescence can be
written as a sum of purely diffusive and purely fluorescent decay
components that exhibit distinct spatiotemporal responses.
These components arise from distinct features in the complex
plane, namely, branch points, located at —i/7, and simple
pole singularities, located at —7/7,,. In the space—time domain,
the diffusive term behaves analogous to the intrinsic (non-
fluorescent) diffuse light [1], exhibiting a spatial broadening
with time, while the fluorescent term is factorized into a product
of space and time factors, exhibiting a spatial distribution with a
width that remains constant in time.

We have also presented the corresponding expressions for
the time-resolved fluorescence signal in SFD, where point
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sources and detectors are replaced with spatially harmonic
excitation and detection patterns. Once again, the diffuse time-
resolved fluorescence signal takes a distinct form depending
on whether the value of the fluorescence lifetime is greater or
less than the intrinsic absorption timescale. The spatial and
temporal evolutions are mixed in the diffuse term, such that
higher spatial frequencies decay at a faster rate than the low
spatial frequencies, corresponding to a narrowing of the 4-space
distributions with time. On the other hand, the spatial and
temporal terms are completely factorized in the fluorescence
term, which thus exhibits a spatial or spatial-frequency distri-
bution that is independent of time except for a uniform decay
at the characteristic lifetime(s) of the fluorophore(s) embedded
in the turbid medium. Thus, at high spatial frequencies and
long times, the intrinsic fluorescence decay term dominates
the net diffuse fluorescence signal. We have previously shown
experimentally that this phenomenon can be exploited by
employing high spatial frequencies to detect short fluorescence
lifetimes in turbid media [11,17]. The present work provides a
theoretical derivation that explains this phenomenon, using a
complex analytical treatment of the time-resolved diffuse fluo-
rescence signal expressed in FD. The analysis shows that a single
timescale, namely, 7,, determines the asymptotic or long time
behavior of fluorescence in diffuse media. Thus, it is possible to
recover the intrinsic fluorescence lifetime from absorbing and
scattering tissue for both cases when the lifetimes are shorter or
longer than t,. While we have demonstrated this effect exper-
imentally before, this paper presents a theoretical basis for the
previous experimental results, using new expressions derived
for short lifetimes and for spatially modulated sources. To our
knowledge, this paper presents the first treatment of time-
resolved diffuse fluorescence using complex analysis, which
results in semi-analytical expressions that also provide physical
insights into the spatiotemporal behavior of fluorescence in
diffuse media. While this paper is focused on the behavior of
fluorescence in a diffuse medium, this is also the first analysis,
to our knowledge, to discuss the complex plane structure of the
diffuse Green’s function. The analysis presented herein could
therefore have relevance for modeling the more general case of
non-fluorescent light propagation in diffuse media for various
biomedical applications [3].
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